In this paper we continue the study of the path length of trees with known fringe as initiated by 1] and 2]. We compute the path length of the minimal tree with given number of leaves N and fringe for the case N=2. This complements the result of 2] that studied the case N=2. Our methods also yields a linear time algorithm for constructing the minimal tree when N=2.
An extended binary tree T is a rooted binary tree where each node has zero or two children.
Nodes without children are leaves and nodes with two children are internal. We denote the number of leaves of a tree T with N(T). Throughout this paper we refer to an extended binary tree simply as a tree and we will consider only trees with at least two leaves. The level of a node in a tree T is de ned as the length of the unique path from the root to that node. Let T be a tree with leaves at levels l 1 ; ::::; l N(T) Given a set S of trees, a tree T of S is said minimal for S if and only if it has the smallest path length among the trees of S. When S is clear from the context, we will just say minimal tree instead of minimal tree for S.
De nition 2 The length vector of a tree T is the vector n(T) = (n 1 ; n 2 ; ; n k ) where n i is the number of leaves at level i in T and k = Ml(T ).
We say that two trees T 1 and T 2 are isomorphic if and only if n(T 1 ) = n(T 2 ). For our purposes for each set of isomorphic trees we will focus our attention on one selected tree. In particular, our choice is to consider only the unique tree which has the following property: for each internal node u, and for each pair of leaves v and z in the left and right subtree of u respectively, the level of v is less or equal to the level of z. Roughly speaking, such a tree has at each level all the leaves on the left and all the internal nodes on the right. The notation n = (n 1 ; ; n i?1 ; z i?j ; n j ; ; n k ) means that n i = n i+1 = :::: = n j?1 = z.
Notice that for a (N; )-tree we have that P k i n i = N, n i = 0 for i = 1; 2; ::::; k? ?1, n k? > 0 and n k > 0.
A useful result about binary trees is the Kraft equality (see 6]): for any tree T with leaves at levels l 1 ; ::::; l N(T) , we have that
3 Constructing the minimal tree In order to study the minimal tree for the class C(N; ) we de ne a partition of this set based on the value of ml(T ) and we construct the minimal tree for each subset of the partition. Then, the minimal tree in C(N; ) is obtained by comparing the minimal trees of the subclasses. In this section we provide an algorithm that constructs the minimal tree for C(N; ; L).
Before going any further, we introduce two operations on a tree that will be useful to describe iterations and in each iteration it performs one cut and one insert in such a way that the fringe decreases by one and the path length of the new tree does not increase too much. This means that the cut must be performed on the deepest bush (notice that the fringe decreases by one upon each cut) and the insert must be performed on the highest level that has at least one leaf, taking in account that the insert operation must not modify the fringe (i.e., there must be at least one leaf on level L). Since the number of leaves is kept constant (the number of cut and the number of insert are the same), at least one leaf is left on level L and the fringe is decreased from N ? 2 L to , the algorithm returns an (N; ; L)-tree. Moreover, as we will see in the following this tree is minimal for C(N; ; L) since each step of the construction is performed in such a way that the contribution to the path length is minimized. Figure 1 illustrates the rst step of the algorithm and the nal result. Proof. It is easy to see that T L is a (N; ; L)-tree and it is of type 1,2 or 3. Hence we have to show that no other tree in C(N; ; L) is of type 1,2 or 3. We show that T has not the minimal path length.
By Lemma 2, the tree T cannot be of type 1,2 or 3. Hence, in the tree T there exists a leaf u and a bush v such that, denoted by l u and l v their levels, we have that l u < l v . Then, by performing a cut (v; T) and a ins (u; T), we obtain a tree T 0 2 C(N; ; L) whose path length is PL(T 0 ) = PL(T ) ? l v ? 2 + l u + 2 < PL(T ): Thus T can not have minimal path length.
Let us de ne the foliage-height of T L . The foliage-height will be fundamental in deriving the bound. The foliage is the set of nodes inserted into T L during the execution of Min-L. Since the algorithm performs an insertion on the highest level available we have that the leaves of the foliage will be placed on at most two consecutive levels. We denote by H the highest of these two level. The integer h L = H ? L is called the foliage-height; h L is a function of N; and L, but we will refer to it with the notation h L emphasizing the dependence from L.
In the following we study some properties of T L that will be useful in deriving the lower bound. We distinguish between three possible cases in according to the value of d + 2. blog(N ? )c) c. Proof. By the previous lemma, plug in L = 1 and the expression for h 1 in the formula for the path length given by Lemma 8.
Conclusions and open problems
In this paper we have closed the problem of studying the minimal path length of trees of given fringe. The case of the maximal tree is still open. We suspect that techniques similar to those developed in this paper might be useful also for the study of the maximal tree. Also it would be interesting to study the average path length of (N; )-trees.
